Inhomogeneous birth-death processes; queueing models; two-sided uniform approximation bounds
INTRODUCTION
Explicit expressions for the probability characteristics of stochastic birth-death queueing models can be found in a few special cases. One of main problems for obtaining the limiting behavior of the process is studying of the rate of convergence as time t → ∞ to the steady state of a process. The problem of existence and construction of limiting characteristics for time-inhomogeneous birth and death processes is important for queueing applications, see [2] , [4] , [5] , [9] . Calculation of the limiting characteristics for the process via "north-west" truncations was firstly mentioned in [7] and was considered in details in [9] . Uniform in time north-west truncation bounds have been obtained in [10] , [11] for birth-death processes and general Markov chains respectively. Two-sided uniform in time truncation bounds were firstly studied in our previous paper [6] . This paper is the continuation of [6] . Namely, we apply this approach for a specific class of queueing models.
Let X = X(t), t ≥ 0 be a birth and death process (BDP) with birth and death rates λ n (t), µ n (t) respectively.
Let p ij (s, t) = P r {X(t) = j |X(s) = i } for i, j ≥ 0, 0 ≤ s ≤ t be the transition probability functions of X = X(t) and p i (t) = P r {X(t) = i} -the state probabilities.
Also we assume that
where
The probabilistic dynamics of the process is represented by the forward Kolmogorov system of differential equations:
By p(t) = (p 0 (t), p 1 (t), . . . ) , t ≥ 0, we denote the column vector of state probabilities and by A(t) = (a ij (t)) , t ≥ 0 the matrix related to (2) . Moreover, A (t) = Q (t), where Q(t) -the intensity (or infinitesimal) matrix for X(t).
We assume that all birth and death intensity functions λ i (t) and µ i (t) are locally integrable on [0, ∞). We suppose that
for almost all t ≥ 0. By · we denote the l 1 -norm, i. e. x = |x i |, and
Let Ω be a set all stochastic vectors, i. e. l 1 vectors with nonnegative coordinates and unit norm.
We have
for almost all t ≥ 0. Hence the operator function A(t) from l 1 into itself is bounded for almost all t ≥ 0 and locally integrable on [0; ∞). We consider the system (2) as a differential equation
in the space l 1 with bounded operator function A(t). The Cauchy problem for differential equation (1) has unique solutions for arbitrary initial condition (see, for instance, [1] ), and moreover p(s) ∈ Ω implies p(t) ∈ Ω for t ≥ s ≥ 0.
We apply the general approach to employ the logarithmic norm of a matrix for the study of the problem of stability of Kolmogorov system of differential equations associated with nonhomogeneous Markov chains, see the corresponding definitions, bounds, references and other details in [3] , [4] , [8] , [9] , [10] .
, where p * (t) and p * * (t) are the corresponding solutions of (4).
Put E k (t) = E {X(t) |X(0) = k } ( then the corresponding initial condition of system (4) is the k − th unit vector e k ).
for any k.
TWO-SIDED TRUNCATIONS OF INHOMOGENEOUS BIRTH-DEATH PROCESSES
By introducing p i (t) = 1 − j =i p j (t), (for arbitrary fixed i and p(t) ∈ Ω, t ≥ 0) we have the following system from (4)
. ), and the corresponding B (t).
Let D * be a matrix
Let now {d k } be a sequence of positive numbers, and
Let l 1D be the space of sequences:
We introduce the auxiliary space of sequences l 1E as
Consider the expressions:
and
Considering (5) as a differential equation in the space l 1D , we have its solution:
where V (t, z) is the Cauchy operator of (5), see [8] .
We obtain f (t)
one has
for almost all t ≥ 0. Then the following bound for the logarithmic norm γ (B(t)) in l 1D is correct:
in accordance with (7), see detailed discussion in [3] , [4] , [9] , [10] . Therefore,
Suppose now that there exist positive M and α such that
for any 0 ≤ s ≤ t. Then X(t) is exponentially weakly ergodic in 1D norm. Put now z (0) = 0 (i. e., p (0) = e i ) and
Then we can obtain
, k > i and the following statement is correct.
Theorem 1. Let a BDP X(t) with rates λ k (t) and µ k (t) be given. Assume that there exists a sequence {d k } such that (12) is fulfilled. Then X(t) is exponentially weakly ergodic in 1D norm and the following bound holds
Two-sided truncations was firstly mentioned in our previous work [6] . We considered truncated BDP on state space N 1 , N 1 + 1, . . . , N 2 with intensities λ * k (t) = λ k (t), N 1 ≤ k < N 2 , and µ * k (t) = µ k (t), N 1 < k ≤ N 2 and supposed other birth and death rates equal to zero. We denoted by A * (t), p * (t) and so on the correspondent characteristics of truncated BDP. Then using our general approach and considering corresponding differential equations, we obtained
for any 0 ≤ s ≤ t, instead of (12), see the bounds and other details in [6] 
Therefore, the following statements are correct.
Theorem 2. Let birth-death processes X(t) and X * (t) be such that (12) and (15) hold. Let p (0) = p * (0) = e i (i. e., X(0) = X * (0) = i). Then the following bounds hold:
(17) Corollary 1. Let under assumptions of Theorem 2 N 2 = ∞. Then the following bounds hold
for any i > N 1 .
Corollary 2. Let under assumptions of Theorem 2 N 1 = 0. Then the following bounds hold
for any i < N 2 .
THE M t |M t |S QUEUEING MODEL
Now we consider non-stationary M t |M t |S queuing model with S servers, and intensities of arrival and service of a customer λ k (t) = λ(t) and µ k (t) = µ(t) min(k, S) respectively if there is k customers in the queue.
Let X = X(t), t ≥ 0 be a queue-length process for the M t |M t |S queuing system. This is a BDP with the birth and death rates λ k (t) = λ, if k ≥ 0 and
Rewrite (6) in the form
Then we have
Let now {d k } be a sequence of positive numbers such that
if
We can rewrite (25) and (26) in the form
Hence Theorem 2 implies the following statement. Remark. Consider M t |M t |S|S + K, this is a Markovian queueing model with S servers and finite number K of waiting rooms. The corresponding queue-length process X(t) is BDP with finite state space {0, 1, . . . , S + K} and arrival and service rates λ k (t) = λ(t), µ k (t) = µ(t) min(k, S) respectively. Then the same bounds for two-sided truncations hold for sufficiently large K.
EXAMPLE
Let X = X(t), t ≥ 0 be a queue-length process for the M t |M t |S with S = 200 and periodical rates: λ(t) = 250 + 50 sin 2πt, µ(t) = 2.5 + 0.5 cos 2πt, We obtain our sequence {d k } using formulas (24), (27) and (28) 
Figures 1 and 2 show the limiting mean E(t, 100) on the "final" interval [29, 30] and the behaviour of the mean E(t, 100) on the whole time interval [0, 30] . Figures 3-6 show the probabilities of some 'essential' states of the queue-length process p k = P(X(t) = k with the initial condition X(0) = 100 on the "final" interval [29, 30] and the behaviour of the mean E(t, 30) on the whole time interval [0, 30] .
CONCLUSIONS
The paper deals with the problem of existence and construction of limiting characteristics for timeinhomogeneous birth and death processes which is important for queueing applications. For this purpose we calculate the limiting characteristics for the process via the construction of two-sided uniform in time truncation bounds. We consider the M t |M t |S queueing model and obtain uniform approximation bounds of two-sided truncations in the case of sufficiently large traffic intensity. A numerical example is considered.
Our approach to truncations of the state space can be used in modeling information flows related to highperformance computing. The development of methodology for other classes of inhomogeneous Markovian queueing models seems to be a promising direction of research. 
